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ABSTRACT 


The study of dynamical systems originated as a topologi-- 
Ca amalysisemevmod in the field of stability theory concern= 
Memo OnOneauswemcinary Giltewmential equations... Consequently,. 
Meen Of thewresearch Effort has been concentrated in.the area 
mec. iferemoial dynamve@el systems. The dynamical system is 
moe Cestvri@wedmeoy definition to differential systems. and 
Meee resuits presented heme were obtained without hypothesiz— 
mragiltferenviability of the dynamical system. Some of the 
imesults were previously knewn for the differentiable case 
fee cl Cie eemmeexTended ta a larger class., Others: were not 
previously known. 

IHeeMOcumenotIt icant results were that the level sur- 
meees OF bVyapunovy function for a compact asymptotically 
stable set in R are orientable (n-1)-dimensional generalized 
G@le@eea Manivrolds. that every asymptotically stable periodic 
trajectory in R* is temely imbedded in R’, and that a perio- 
Smewaynemical system On a compact c-manifold is equivalent 


to an S! action. 
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ie BAC sGROCND 


A. DIFFERENTIAL DYNAMICAL SYSTEMS 

Mei domtea mera tems Geramed TO be ans ordered triple 
wees Se Wieren es) a bopological space, H the set. off real. 
Members Under the usual Copology., and t a map from Xx*R into 


Peewath the property that 


l mien) =e te yevyery x in X, 
reece — ene oett) for all x“in-X antes,t in R, 


Sm te iswoContemuCcus On AXR. 


menor amoieulbysertses, the symbol t is often deleted.. Thus 
jmeob) is written simply as xt. 

tie SOrieawmerneLne Study of dynamical systems,-and the 
Sano re Onewcan perhaps most readily visualize, lies”= in the 
study of steady-state flows in Euclidean space; i.e., a fluid 
fiow in which the velocity owed pertreles is seompletely- 
Meammeitiea e165 POSiILLON x in space. If the velocity is 
meserived byea continuous function f:R'>R, then a map 
1:R' XR>R™ is a particular solution to the autonomous ordinary 
differential equation x(t) = f(x) and is, of course, differ- 
emereole. “Ghere q(x,.t) = x(t;x,) = ee peers Yds) If the 
feece 425 a Manifold and the map 7 is diffeérentiable,. then 


the dynamical system (X,R,7) is called a differential 


dynamical system. 





B. NONDIFFERENTIABLE SYSTEMS 

MeapeyeetecOreis Of dynamical systems have included. differ— 
Smeaton acy in the hypethesis where it was convenient. to: the 
poet, although ditferentiability is not inherent in. a dyna— 
maical system as defined. Indeed, dynamical systems have: been 
Page Gel) ON LTunction spaces without defining a notion. of differ-- 
entiability (for example, the Bebutov Dynamical Systems [{1]). 

As a physical example and an area of application of this 
meeey, COonsidaer the eirflow in the vicinity of a thim air-. 
meee SECTION at SUpEersonic speed, AS @ particle transits 
Memeo OCK Waves 1G UNncergoes an abrupt change in velocity 
(the shock wave may be considered a line of discontinuity 
ive locity). seret, if T is a map which describes the posi- 
PererueOl a Patememe ef time f& where the position is x at time 
Pees ee 1eetoeclear that an open disk about xt contains the 
Miele Ot al Open disk about x and an open interval about t. 
Pitieene is GComtinuous but not differentiable,, and (R*,R,7) is 
aemondifferentiable dynamical system. 

VO wiemeemuext Lt Should be noted that this thesis is 
memeernea Prigarily with stability properties of compact 
Maver iana Seus, and the system just described contains invari- 
Pivescetes Oljlyveac the leading and trailing edges of the air- 
Porn secure end these are known to be unstable.. However, 
if one subtracts the free-air velocity vector and considers 
Pee menlewermreculavion about the airfoil section... one finds 
periodic orbits whose stability properties may well be "worthy 


Sem vestifzacion by application of the results presented here. 





Coe wee itiy PL THE SENSE OF LYAPUNOV’ 
Given a dynamical system (X.R,17),. there ls defined_for 


each x in X a trajectory (or orbit) Y(x),, where: 
Real = (yc Gieat eR Fy = xt}.. 


Mne positive semitrajectory ¥* (x) and the nezative- semitra- 
jectory Y (x) are defined similarly,. but replacing R by the 
nonnegative reals R’ and the nonpositive reals hae 
mespectively. 


Mie posivive limit set N(x) is: defined. by 


A” (x) = {y ees a(t. } nig Me Gg! ae oc and ctor. 


Pewee oul vem ime sel ts similarly detined,. replacing + 
My - where it appears. 


Mie swemeMenmoly COMpaeccs Subset of XA,. the set™ 
+ +- 
A(M) = {x « X:A (x) # @ and A (x)cM} 


moecalled the region of attraction of M. 

A given set M is said to be (Lyapunov) stable if every 
Mertehnbornood of M contains a positively invariant neighbor- 
feed Of We if in eddition A(M) is a neighborhood of M, then 
fis Said to be asymptotigally stable. 

It is a well-known theorem due to Lyapunov that asymp- 
Mermlce Stability of M under a4 eee ad cenaniest system 
is equivalent to the existence of a Lyapunov function on A(M). 
(The properties wf sttch a function are diseussed im Section 
Mee ieomewnts paper.) Im £960, B.W..Widson,. Jr.. character=- 


ized [2] the structure of the level surfaces of Lyapunov 





functions for certain asymptotically stable sets.. In view 
of the existence of nondifferentiable dynamical systems.,.it 
seems appropriate to extend Wilsan.'s results where: possible: 


to the nondifferentiable cése.. 





It... RESULTS 


Re CHARACTERIZATION OF DCYAPUNOV LEVEL SURFACES 
roe lee eee one pevyapunoey Function 
Let f(x,t) be the solution to the: autonomous: ordinary 
differential equation x = F(x).. Then a Lyapunov function to 
meeorelch ZC eee Seeolliuy properties Of. a= compact. connected 
Bet M on a G@omain D is usually defined as: a- C'- scalar. func- 


tion V on D which satisfies 


pee tee =-0 if x € M, and V(x) > 0 if: x ¢ M. 
b. W(x) = (d/dt)Vif(~,t)]|,_, =erad V,-F(x) < 0 
on D-M, 
Cea temas TO 5 COMsStey ecocosablyeintfinite) at the 


Weundary of D. 


ittemeetinitlon does mog maze sense in the nondiifer- 
@aciable case (X,R,f), since if f is not differentiable, 
then (in general) neither is the composition of V with f. 
It is necessary to modify the definition in order to adapt 
G@he theory of Lyapunov to the more general case., N.P. Bhatia 
mp GP. S@eso mave provided ([3]1,.V.. 2.10 and V..2.11) a 
wasis for Such 4 modification. 

Pee eeauelowcca or Pinel lon ton a set. N isssaid to 
Sew eo eounded On Ni iieilor any positive real_number 
Mn aot caianea COMPacL proper subset K such that= for:all. 
pape, fCx jer: 


tveumiac fOLrOws a Lyapunov function for a compact 





Asyipmoureatig—g saaihe set Mis derinei as a continuous: uni-- 


hor oy sumeemmacdnnuuneb i omee.A(M)>*H such. that. 


ae eee — One Mand (x) > 0 if x ¢FM,, 


Dep eMee ee erto x) re xe M. and t >-0.. 


The exisvemec of such a function $6 is: guaranteed 
mio}, Theorem V. 2.10). 

MEnCmeomoampostbive real number, vhen.a Level. surface 
ee Dia wemiiomerunet ton d 15 detined to be=thes set of. all 
moms AGM) sSueh that (x) = c.. The: interior I(¢,) of'a level 
surface on iheomedewsces Great! xin A(M) such that $(x)<c. 
Similarly, the exterior E(¢,) Me the set of all x ir A(M) 
such that 9(x)>c. 

2.6 Aster oureaslliy Stable Sets in General 

in wnat "rollows, the dynamical — Coan. i ois 
essumed, Mois 4 compact asymptotically stable subset of X, 
fois 2 Lyapunov function on A(M),, and c is a positive real 
number. 

The ToMlowing lemma justifies the introduction of the 


definitions for I(¢.) and E(o,): 


Lemma. 1: oo separates A(M). 
Choose x € 9, and t>0., Then @(xt)<c. By uni— 
form unboundedness of $6, there is a y € A(M) 
such that ¢(y)>c. Then oLA(M)~o ] is discon-- 


Mecred at cu. Continuity of: &4 implies that 


ACM) ~$,, is disconnected ..|| 





Gero tary 1.1: o separates X.. 


—— 





t@emeorellerweLOLuews directly by virtue of 
uniform unboundedness of @ and the fact that 


A(M) is a neighborhood of M..|| 


A subset S of X is called a section of (X,R,1) if 
for each x in X there is a unique T = T(x) with the property 
mote xt(x) € S. If A is a@ stibset of X, S is a section on A if’ 
meer domain of t ineludes A. 

Trre=folVowing is a key lemma for theorems on the 


Mm7el surfaces of Lyapumov functions: 


emma 1.2: 


ee | 


is a section on A(M)~M. 
ooo). VEf@in joo, then asymptotic sta— 
bility of M on A(M) implies the existence of 
a t>0 such that 6(mt)<c. But m({x}x[0,t]) is 
an are. and Lemma i.l amplies the existence 
Orerartee |0.t | suc Ghat xT € bo: On the other 
Doe no(.)>c. faen suppose (xt )<c for all 
Geeei@ern N(x) Teeavsubset of I(¢), which is 
in turn a subset of A(M). But A (x) is closed 
and invariant, and must therefore meet M. 

(See tsi, 1l-3-7) But for all ye y (x), 
o(y)>o(x)>0, so for all z in A (x), 6(z)26(x)>0, 
which implies A (x) does not meet M.. The con— 
ifderteblon Shows that for ™seme tT aR, xT € 6: 
Limam ie mie —c es umen t=O Will sufrice.. 
VOmosnov Umrqueness of tT, Let t be such that 


ee ae AUS epee Bis ae and xT € ae i ee teem al avenal 


10 





Olea) <9G-7)  eebiec<ts then é(ar)Me(xt).. Hut: 
(Gtr —ee then tAt, and ti. so t=r,. 


and t is uniaue. ]| 


It is sometimes convenient for the sake of visualiza— 
imo tO comeitder Oh, COM@eceed. he JUsciiicarion [or doing 
pormay be seen from the following discussion. First,; it is 
known ({[3], V. 1.22) that if X is locally compact and locally 
memmectead, tnen M has a finite number of components,. each of 
Wateh is asymptotically stable. Further, if M, and M) are 
mao components of M, then there is no x in &% such. that A* (x) 
is in both Mi and M2, since A’(x) is connected. Then A(IM,) 
does not meet A(M2), and each region may be considered 
memarate ly . 

iar ouewoul the remainder of this thesis it is assumed 
moter.) 1S “eceis, compact, locally connected, and that M is 
@Pommeccted. ~simee M is a compact subset of a locaily compact 
space, there is a neighborhood N such that MCNA(M),. and N 
memeompact. Further, Since M is asymptotically stabie, there 
mena t such that ton. Then ¢,t is a closed subset of a com~ 
baeet Space, hence compact, and Q 6 is the homeomorphic image 
of o,t- iMate d. is compact. Bhatia and Szego have shown 
ood, Lemmamiv-.2.6) that if K is a compact section of extent 
Be Coch cect imuious on riKwG=twn) | forsalbi- positive: t<T. 
im thas case 7t is Aoare se. Oe mE¢ x(-t,t) J for all. positive 
Pwencnce 7 isscontinuous ~nme4(M)=M. 

The following lemma will justify the assumption that 


Pon -Meis connected. 





Lemma 1.3: Every component K of A(M)~M con— 
Gtaims exactly one component C of @._... More— 
Sree Co seberaces K, and C is a section on K.. 
MGW is Anvertant = Since if@x @€ x and t: « RK. 
then A’ (x) = mae Tas _ x e A(M)=>f(x)NM 
#Q@. Then(Vt)e R, A*(xt)OM # MS¥t ce R, 

XC re VOW bet Kebemascomponent of eA(M)-~M. 
Every trajectory y in K meets oe Cae Tone ei. 
since De is 2 Ssectmeanr on A(M)-M.. “Sarce y is 
eonnected and K is maximal, y meets Ves oes 
then Oe ised Seeuwenmon Kk sand separaves K by 
the argument in Lemma 1.1. Now O18 eee cal 
(strong) deformation retract ([T4],y p.. 66) 

of K under the retraction rikrd 1K defined by 
aon) = xT (x) and the homotopy h:Kx[0,1]>$, K 
defaned by h(x ,t) = wheytt(x)].. Then NK is 
adeformation retraet of ameennectedespace , 


hence connected. || 


ites assumed henceforth that A(M)~M°is connected, 
mebess tChemeenagary is clear or specified. 

One of the more significant results in Wilson's pa- 
per ({2], Theorem 1.2) was that if X = RK” and M = {0}, then 
vo is a homotopy sphere. This raised the question. whether 
the hypothesis of differentiability were nontrivial_and, more 
generally, "Under what conditions on n and M will $, be an 


@i=1 -menitold?" A space X ms said to be Tocally contractible 


at a point P if every neighborhood U about P contains a 


ee 





Meso leet, uC Ch toatl Vo is contractible in. U.. 
i US eee eCOnvEaeuomenat every point,. then. X:is’ lo— 
Cowly scomeecectible. 

Pewee O6G8 a Metric space M is-called free if- for 
Payee? O thesesis a Gentinuous mapping: fss°M ~wuch that SNr(S) 
= 9%, and for each s ¢« S, the distance from s. to f(s) is less 
than €. R.L. Wilder has established [5] that for n=2 or 3, 
very locally contractible free subcantinuum of R” which 
separates R” is an (n-1)-manifold, and [6] that for n>3),, 
such a subcontinuum is an orientable (n-l)-dimensional. ge-- 
imerealized closed manifold. 

Core blenrw 1.1.) shows sthat >. separates Bese and 
freedom of on meerOWwa diteee ly irom the fact that os 13s' a 
section (Lemma 1.2). That Q is a locally contractible 
Subcontinuum is established by constructing a Peano con-- 


mimuum of which De is a deformation retract. 


Pio eoowes. Lou NM Deve: Commacime connected, 


-_ = 





Aswmpectically stable set under (R" RT), and 


(memmevcoenoy fUnerion on ACM). Then ¢ is an 


orientable (n-1)-dimensional generalized 
closed manifold. Moreover, if n= 2 or n= 3, 
then 6. is an (n-1)-manifold. 

igo suffice to show that a Mowe Oca lily 
contractible subcontinuum of R.. First,. 9, 
is a deformation retract of A(M)~M under aie 


Fetraction rim) = x7t(x) and the homotony h 


@emomea by (x,t) = s7lx;t7r(x)]. Choose € such 


13 





thao < eG <of{ das MUCR'~aA(M)]},. and cover 


with a finite number of ¢-sphe a ~ ™ 
OP e-sph res [Sys od. gz 


where Hompedem 1 inom.) xa is in ¢,.. 





Then P = U Soe is a Peano continuum and 
se <a RG = 
UGeally Se OniGiede value ;. a ts a defiormation. 


retract of P under hl fp} Then ¢,. is: 


xfO Pa ee 
afi aul yecomlmlactiole Subconpanuum ol. P:.. 


hence of Rage 


3. Critical Points 
The special case treated by Wilson's theorem as men-- 
fmeed cueove:  1.¢.ywhen M 1s a singleton, is now extended 


to nondifferentiable dynamical systems: 


n : : 
Theorem 2: Let (R he) be a dynamical sys— 


CeCiyesehn asymovoticaliy stable critical point 
p. If ¢ is a Lyapunov function on A(p), then 
ae is a homotopy sphere. 

A(p)~{p} is homeomorphic to R’~{o] (£3], Cco— 
Polemenry Vio 3i 5). and a is a strong defor— 


mation retract of R’~{0} under the retraction 


q(x) = x/|| x || and the homotopy g(x,t) = 


x ‘ 
tl] 41-0 ee eee bere De Mase veen Shown to- be 


a deformation retract of A(p)~{p} under 

ee) a> eye manda) = Thx,t7 (x) |." There 
is a homeomorphism H:R’~{O0}+A(p)~{p}.. Let. i: 
be the inclusion map of a TYCO. Re 10}, 


and J the inclusion map of 9, into A(p)~{p}. 


eece Oe and © eare delormation retrdecions, 1t 
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Poulewiocwuroe a2c0ms homotopic to the identi- 
ty map) lon R’~{o}, anda or 1s MemoL epic ve 
the identity map J on A(p)~{p}. Define 

eS ag. by e(x) = reHoi(x), and f:9, 2S 


by fly) = qoH toj(y). 


Then eof = roHojoceH toj 


A eee. Gea 21) 
S205 liga eb 
et 


Sime lCe= lis chere are maps e€ and 


f between gh-l 


and b. whose Vert ana right 
compositions are homotopic to the identity 


maps. || 


fG@ermemeparuicular case Of an asympvotically stable 
¢ritical point in R’*, Wilson was able to employ differentia- 
bility to ensure that >. is homeomorphic to S*. (The Poin- 
caré conjecture, which asserts that a homotopy sphere is 
homecmorphic to a sphere, was known to be true for 
one-dimensional and two-dimensional differentiable manifolds) 
Without assuming differentiability one may obtain the same 


result by means of a somewhat more circuitous argument. 


Theorem 3: Let (R*,R,1) be a dynamical system 
WiewieasympLoOtically stable crivical point p, 
and let » be a Lyapunov function on A(p). 

LThen d. TSE ROMmeOnOrDotG. FO a sphere . 

bo is a compact 2-manifold homotopically equi- 


Neeley cue to a sphere. It is a theorem of 


bs, 





algebraic topology that te Leh Guuwieleie 6. selelaes 
or a connected sum of tori. (See,, for example, 
PiiasEhecrem I fee-. ) Let fig 75% be anemo— 
topy equivalence map, and let TiC.) and 
1,(S*) be the fundamental groups of ¢, and S?,, 
respectively. Then f induces an isomorphism 
f,2m1(¢,)>71(S*) Ci ieetneccem 22.0.3). Then 
mi(¢,) = 7:(S*) = {1}, where {I} is the group 
consisting of the identity. Now the funda-. 
Metis PeEMOUp Ol sa ecommected= Sum Gf n tori.is 

a free group on 2n generators, and not {1}. 


Then a 1s a sphere. 


4. Periodic Trajectories 
Siscevane cae “mee s@baracter ol level’ surfaces of. 
Mmiapunovy functions. for asymptotically stable critical points, 
mime 1s inclined to consider a critical point as a zero-di- 
mensional invariant set, and to ask whether periodic orbits, 
which are one-dimensional asymptotically stable invariant 
sets, afford similarly nice level surfaces. Theorems 4 and 


peenswer the question for n = 2 and n = 3,, respectively. 


Theorem 4: Consider an asvmptotically stable 











pew@uemc ulna /ectery yy under a dynamical system 
Gerheii.. ©f otis a_ Lyapunov function on 
ACy), then 6 is composed of two circles, one 
Of arcane 1s interter to the other .. 


The Jordan curve 7 separates R- into exactly 


UMiemeGM@oOnenlS ene Ofewhien is bounded: Let 
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I be the bounded component, and E the un— 
bounded component. Since A(y) is a neighbor-- 
Mood Of ¥, 20, Gee, 1S Separated by-y into 
two components Act and ACE. ies. mre be. the 
component #er re Wires 15 4 section on Aas 

and a the component in A... Pag and ees are 
compact one-manifolds which are deformation 
ReEVvEcerS@er “Scmi=nemenpornoods of a-circle,. 


and are therefore themselves circles. Fur— 


ther, $,,ck int 9 ec ll 


ineouem I: li in vne statement of Theorem 4, 
R° is replaced by R*, then ¢, is a 2-torus. 
Define for each non-negative real number r a 
set K = ix € ACphs (x) < I/r}. Then if a 
and peere such tgs O =< a © 8B ae @2 Lt seollows 
Piatwioewe > ao dehermaypron retract of Ke Wale lene 


B 
the retraction 


IV 


1/8 
r(x) = 


pieeeaeder if o(x) 
Mee eae < 1/8 


and the homotopy 


meso rieeen if mx) = 178 
f(x) = 
xX; Lee.) 176 


Where t is the fumétion which defines P18 as. 
a secticn on ACy)~y. Then the retraction map 
r induces an isomorphism Bee) ia (Ks 


where H,(X) is the first Cech homology group 
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Crees. Pumther ss 7 ah Re ame by eOnb anise y 

of Cech homology, H.i(y) = lim H,(K_) =H.(K,), 
QL-> 00. OX B 

for any positive real number @.. Let. £g = l/c... 


Then H,(K ) = Hyr(y) = Z, where Z is the set 


ie 
of all integers. Now oo 1s a compact 2-mani— 
PmeieMmce ciple d Spmere Or 4a connected 
SUM om eeori. “Then Ki /e ze Co) ae is 
CVimiekwemctoscassolrde@al il or a closed cube: 
with n handles. Then Hy (Ky) 4) = ZK 
is a closed cube with one handle (a solid 


torus). Then $, = dK isa eens. || 


Le 


meee LAMENESS OF AN ASYMPTOTICALLY STABLE ORBIT 
SiMiteeeweuwerertemn able flows is inherencvly tame ,-there 
appears to be no such restriction rmposed by the nature of 
a dynamical system. Whether asymptotic stability might’ im- 
Rese tameness was a question which arose in one approach to 
Theorem 5. One characterization of tameness of a closed 
curve in S’* had been established by D.H. Edwards in [7]. 
Edwards describes a simple closed curve J in S? as having the 
concentral enclcsure property if S? contains a monotone de- 
ereasing sequence {B.] Ct Stiga Lis seoneentric solid tori. 
with ie ieee vos sOlidgevor:. Band’ Ss, with BCint B*,. 
are concentric if B*~B is the topological product of a torus 
and an interval.) In [7] he showed that J is tame.in S* if 
Seemeorly flog edas tie cemcentral enclosure; property and pier- 
CecmorGQisacsac Cach point. W.-C. Chewning proved that every 


Baemyeetory in S° pierces a disk at every non-restpoint ([8], 
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Corollary 1 to Theorem 1). The characterization of. the: level: 
Surfaces of Lyapunov functions in Theorem 5 therefore. allows. 


the following theorem: 


Theorem 6: An asymptotically stable periodic. 


trajectory Y under CS) Reameanely Imocdged. 


dene 
Consider S* as the Alexandrov compactification 
of R*, and let h:S*~f{wl-*R*® te a homeomor— 


phism. Define 6:S*xR>S* by 


W , if y =o 
Chi y= ay 
he @tohGy) . et a 


Then (S*,R,9) is a dynamical system, and a 
periodic ordit in (R*,R,7) is homeomorphic to 
a periodic orbit in (S*,R,@). Now for each 


positive integer n, define » = nh (by) » 


al 


andugetineak = igi € Gy coed) ae iat 


THEM Cacteies 1S 4 SGObid torusseand Keak 
igi Oke Si ging 


= Veal - The flow 8 establishes a homeo- 
Cle juga 


morphism between ae pc aa eg and iad Saree) ; 


and clearly K,~ int Kl Lorvalie ae) then 

hn -(y) = é K, has the concentral enclosure 
Pweperuy, and oy Chewmane ss Gesulit pierces 4 
Gabe ee Cover y kone she then the theorem by Ed— 
wards shows that pea am) i¢ tame ing S*.. Since 


a 


fe evn (y), the homeomorphism h imbeds eb aie. 


(=y) tamely in R?.|| 


1 





C. PERIGRIC FLOWa 

A dynamical system is said eueceeinaie it eyeny 
BOlMG)iS periodic. In [9], D.B.A.. Epswein.proved that-a 
Berrodic diflemential G@gynamical system om a: compact differ- 
eiGelanle  45-Manitold M can bes written as -a-differentiable 
action on MxS*. Equivalently,. a differentiable-foliation 
memomcOnDdey Crientabic 3—maniiold. by circles’ is diffeo- 
t@iconac LO a seifert fCibratton.. In.keeping:- with the direc- 
meow: tits Liesis, Chie question amose whether@=replacing 
"differentiable" by "continuous" would merely change "dif- 
Monier peice to ‘homeomorphic.” The proposition has. intui- 
mye appeal. but at this wreating remains unsolved. 

Epstein's theorem does imply an.equivalent result on 
PmCOMmpact c-memitold ana that result can-be=extended to 


the nondifferentiable case. 


Theorem 7: Let M be a compact 2-manifold, 
and (M,R,7) a periodic dynamical system on M. 
Then there is a continuous map 6@:MxS‘'>+M such 
that the orbits of (M,R,7) are the same as 


wie et a ee ee rel ea EEDA er es a Pl 


the *Omemes of 6. 


Before proceeding with the proof it is necessary to 
eocablis@mseveral Lemmas. Lhe method’ ort proof is similar 
tO thaveescaspy Epstein in [Sal 

Define a function A:M>R such. that A(x) >~0,. xt #-=x 
hor + ee On eau Mand set) = x. TheM@iit- is. clear: that 
Porc wea = 7h xr). Gi | Oi kostein showed that A is 


Hower Semiconeinuous, and that for any subset X of M, the 
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foe Oe POints Of Continuity cof Mx LomoteOoovcMmotesel OL XK. 
Epsteéin'’s proof used differentiability only to select a 
transverse (n-1)-manifold, and an are section (which is known 
to exist through any non-restpoint in a dynamical system on 
a two-manifold) serves the same purpose in the proof. The 
function A may be considered the "time-of-first-return func- 
mon, or the “least-period function." 

Next define a family of "bad subsets" B , indexed by the 
g@eainals, in the following manner: Bo = M. Having defined 
By» tet Bel = {x S By! I, Pools Conc pimmens adv i gare: 


mame limit ordinal, define B= ,/) B,. 
a B<a 6 


itemnamed* phor cach a 2 1, Bis @ compact, 


Mavactant Subspace of M. and the dimension of 





Be ioceMOsl One. mean Urumer .- Unerewus an "Or= 


jee 


mS Loerscet aol eat lexan ae such that 


dinal 8@ such that Ba # Oe and et 


eli 


Peeloeeolvuniioussavex. lLhen By By 


Baca 
a Q 


is oO 
Pa aa 


ng Be Consecuenii yy. B +l PEwCOMpach.  o1nee 
Lease lower semiconvamuous, 10 1S the limit of 
agpmecreasiie sequence of Continuous functlons , 
ems oy the Baire Category Theorem discontinu- 
ous on a@ meagre subspace; hence the dimension 
of each BL (a 21) is at most one. By choos- 
nao ewe: ee ta 7 CM emulla tale i ele ca ver 
Mecmerhe cardinality of Lhe continuum, a = £. 


Let y be the smallest ordinal such that ee = §, 


Pome OMDacCuneSs, y 35 NOU a tama, ordinal. Let 


el 





B= y¥- 1. Since i is invariant under. the 


flow, each B. is aie Panic) 


femtea (ec. Lewer i be SUCIT pha ly is con-- 
paOuws . Wien every trajectory y in Y is 
See ere 

Comin OL Aly implies that for every x: in 
1, ‘aud every ca Ober. iti eee eul eo yyullceee 15 2- 
ioe open in Y about x. and a closed interval. 
[a,b] in the positive reals,. such that for 
every point y in me Pay ese reer | — Let 
WN eis crise xe y, xX + x in 1, {t} in 
Sue Then there is a positive integer N such 
@mavemrer alien > Ny x labs in. V,. Assume 

as x in V,. Them for every n,. there is a 
tT feb.) such that xt ae By com- 
Dacumess Of [a.bds there is-e=s in [avo such 


that {t,} clusters at t. Continuity of m and 


the projection maps on the product topology 


of Yx{a,b] ensure that ae eee lim XT, 
oo : 
eae ye Them D Cy) =" 6 Ween cy, ees 


| ben at | | 
oe Bey eR Sex boy ye By Gist 


Theorem V.1.12), y is stable in Y.|| 


ant subset of M such that. Roles Boece eont a nuous.:. 


[io aoe Ales Ky LS Che cuctsens man whien identi=- 
ies each Orb fay NLU ea seoInr, tmen oO: is 
ameelen and proper men, and Ky HS SOC aly 


ae 





cemnpact.. Hausdorf, and satisfies the second | 
cea of countability. Moreover, if Y is of. 
@imension 1, then Ry omen CO lmems ton Os 

By Lemma 7.2, each orbit y in Y its™stable.. 
Tao weaevermy Open set yy abet yY=cCenvains> an 
open invariant set vs about Y. Now grea.) 
= Vial hence ay) mo Opemmby Geiimition of. 
mee GQuecient topology... Then q isan. open map. 
tei Be any pobnt in. the quotient space Kye 
By ([3], Theorem IV.2.9) there is an € > 0: 
Bagdeamearc section a of extent € containing 
any y € Be (p) Now mL (anY)x(-e,e)] is Gan.on 
@e ares, and is a neighborhood of y in the 
subspace topology on Y. The map nt is.a homeo- 
Memgadem onmanY)<(-ege) into M, since the 

mao Wee) = (xt(x)>°=te)]5 where +t is the 
function which defines a as a section,, is.. 
clearly a continuous inverse of the map am. If 
¥ has dimension 1, then mwl(anY)x(-e,e) J] has 
Ghimencton at most Ime But nl (aoNYeGeegeviis 
homeomorphic to (qafY)x(-e,¢), so (aNY)x(-e,;e) 
has dimension at most 1. Since (-¢,¢) has 
@imemsion 1, and dimension is additive in this 
product topology (LIO],. remark following the 
Corollary to Theorem III 4),. (onY) has dimen- 


sion 0. Since q is an open map and T[(oaNnY) 


eS ts). is a neighborhood of y € on Ge 
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ite modlGns ure qot| (Aly) <(-etr) ] Bse-neizh=- 


Dewhood of p in K,. Lf Oils any are> int 

TL (QNY)x(-e€,e)], then. 8 meets oY at. exactiy™ 
erie wood. oewnid Deis MOL In amaeounci arc Of] 
mE (ONY) x(-e,e)]. Then q(o) =q(8);- hence: 
qomL (dl Y)x(-e,e)] = a(anY).. Therefore,.a{afY) 
15 aqumerchberemood of bp in Ry. Salsgre te Ge als 
locally compact, (aNY) may be taken to: be: com=- 
pact, so ala y is both an open map and a ciosed 


map. Now let r e« K and let y =q (r).. 


y>? 
Then A(y) < —, and the fact that y meets af 
au,mosa once each de period imply that anY. is. 
PiVireen VT ChMOOSe Pes) dn aq (Olly). oumee Oy has 
Gamems toms) here Se emsew ata elm scoeG C1: 
aNY such that aoe Pipa Lig ioter eulloysio ome ni em 
and ee PS east i eee wsibseu wen —O.. “oltice. Be 
and Q@ are both open and closed, a(P) and q(Q) 
are likewise both open and closed in q(oaMY). 
Waemem € Q(P), and s ¢ q(f). “Since two. arbi-- 
trary points in qa(anY) can be thus separated, 
q(anY) has dimension 0. The choice of the 


Bom DO Was Aro trary. 'SO.,lLMe ener exwspace 


Ky has dimension 0..|| 


The next Lemma makes use of the theorem due to. k.. Bos-- 
suk (a proof of which appears in [I1],. page 346): 
"Tet X be a normal space such that XxI is also normal. 


mon ASX be closed and f,, fi: C= s” be Remoevopie, If 
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foo am - CxXCension 1,9 x Sighs then Semarsemeoes 5: in 
paec, an extension F, can be chosen so that eo) a 
The proof of the next Lemma, and that of Theorem 7,.re- 
@uaire a notion of order on Swe If LT is @ Pao ncommece bee 
subset of S', then there is a homeomorphism h from I’ to an 
interval of the real line. Then an ordering on I may be 


@ertined as the ordering on h(I). Thus if s and t are.in L, 


fmecrtb if, and only if, h(s) @’ h(t). 


Eenmawiee Leb Y bers locally voampact invari— 


ant Subset of M such that Al. Use eyguu agers) onser 


angler acy — Ky be wvUie CUOptenl wate Wwolch 


PAcShigimues Cach oroit in Y with a point in 





the auotient Ky PHEW Giieie td = sale eee). ond 


avmie OY. 7 S' such that for every x in Y and 
Pere. 0 xeon O( Xb) and such that 
qxg:¥ > KyxS 0 is a homeomorphism. 

mecex we fs and let T= Atxjethen nx,7/2) is 
a section of extent T/2 on y(x), and the asso- 
Eiauce er PUNnCbiom a4 COomlyinuolcmon f(x) ~1 x). 


Let o.: ¥(x) + S? (where S' is taken as the 


reals modulo 1) be defined by 


QO, if y=x 
ey) = C 
erty /T)] +e ify ex 


Paew oy HS. COMmuIuaiis  suiger tron. ame the 
map se + Y(x) defined by 67° (s) =: T(x, Ts-) 


Pomeneonl TiuONsG saver oe. Cl o,° Therefore, 


eae, 





ies is a homeomorphism, and since qLY(x)]. 
is a singleton, ol ae) > gf ¥(x) ]*S** ts: 
elechashomeonerphism. Further, for any y in 


¥(mde y is a sectiom of extent T/Z,, and 

o oml {y]*x(-T/2,T/2)] = St~{o only, 7/2) }.. 
Mien for any t in (0.7/2) ,. oy) < oy Cyt).. 
Then oe Mecee ee Oe Omer tes clr em Lie maw 
¢ in the statement of the theoren.. Now $)_ 
may be extended to an open invariant neighbor- 
hood U, about 1x weliesWGh manner that thie 
exceed wmulmellOM retatmis, Fhe Cee ed 
Dicpere Les. 

The extension must be Caken rather care— 
ip@ty. There is 2 section Sy COnredi naneo se, 
with positive extent e. yes 25 5! ts a neigh- 
berhood A, of y(x), amd since y(x) is stable. 
A; contains an invariant neighborhood Ao. 
Define a map PiS MA ce Is Mey 8G oe Ge lonevoulmacenets 
ween ix) > Ova 0 < G< f(x). Sexe £ SA A2,. and 
Kit) ¢€ Sl Aa. Or anv. DO mice y 10 SMA25 con-- 
sider any open subset C of TLS NA, S {fCy) }] 
NALS, NA, one oe ee Lt Tel SS beet UNnction 
Maven, delines Sy Some SeCUlen., lay (be: 
acemmea Conummous Gn C,. Then the map 
wimlC x f-f(y)}] + RB defined by w(z 
= ft@eeer (Zz) as continuous, and has an upper 


nomic EH Ona CondiulOnalily, Compact Invariant 
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neighborhood A3CA2z. The map > can. be extend-- 
ed continuously to a map § on an. open neigh-— 
horhood of y(x), and Az can. be taken.as @ 
subset of that neighborhood.. Further’ $: can be. 
modified on TTS) As3,(-€,€)] so that 6 retains. 
Peo weermvinuety and nas the Sesired properties: 
One can then advance S,[A2 successively bywa 
time ce, adjusted appropriately by the map f: 
so as to return precisely to S,MA3,. and per-- 
forming the modifications on 6 at each stage. 


Then q(U,) is open in XK sual! K,~a(u, ) qs 


Shot 


closed. Since Ry ™Seot Gimens2en 0 by Lemma 


(oo weemeroms an Open and closed neipnbornooed 
eS about a(x) i= aLly(x)]) in Ky which sepa- 


rates a(x). from Ky ~ aU, ).. Simcer ke domtocally 


a 
COmpacc , Na (x) may be taken compact... Now g 
“Ly 


Pwo tous 2niGw proper. jserd Nee ) is 


GOpemm closed, compact and anverianges Thus 


oe may be assumed open, closed, compact,. and 


iieeeriant. Then Y may be covered With a count- 
co 
pico 


Cae ii Us Withee thie Gescirmed DiseeerE tes. since 


eiilemeol lection LU, J with $6, defined on 
Egromad U5 are eaem open and ciosed.. the same 
fs true of U,~U,. Define the function ¢, 
om U,UU, by 

Or eae ix ; Sas 


(x) = 
ue o,(x), aif x e€ UU, . 


oat 





Then $2 retains the desired properties on 
U,UU2, because U,; $ (U2z~U,) is @ separation 
on UwWU2, and the properties exist on each of. 


U, and Uz~U;. Suppose ye UN Teac UN ees 


k 
has been defined with the desired properties 
retained on its domain. Repeat the above 

process With U; redefined to be U,UU,U...UU,, 


and U, redefined to be U to obtain $,,, 


ae as 

UiUU2U...UU, + S! with the desired pro- 
perties retained. Now for each x in Y,-de- 
fined k(x) to be the least integer such that 


x is in U,. Define ¢: Y > s- by 


¢ (x) a $y (x) (*)- 


Since the U, are openvand ¢leosce s andweach 
oy HS, COntinuemero@ Is likewise continuous 


aGeGccaims Cie edesirea Wroperties s| 


Lemmae/{.5: There is an open invariant set U 
Gomrainime By. ang aceontinuous map ¢.U +-S° , 
siemethat for some € = 0, °a"T positive ¢ < 2c, 
euler x in U., o(x%)0< OGxt seand such that if 
CU > Key 1S ete Suee rene Wem e leit ltaes 
each orbit in U with a point, then q x p:UK, Ss 
ieee NOoneomorphism. 


Let a be such that Bo *¥ 0 and Bad 


1 oe “Las 
@ = 0; che lemma iS trivial... Assume a 2 1. 


If a = 1, there is by Lemma 7.4 a map $1:B,7S? 
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with the desired properties. If a > 1,. one 
Mav SCOusStruceesuichsa map Gyeby an ltermavive 
scheme: 

Now AI. is continuous, and by Lemma 7.1,. 
BA 1S €ompact and invariant, andthe dimension 
ont BS is at most one. By Lemma 7.4,. there is 
amap ¢.: BL > S' with the desired properties, 
and a continuous extension ¢, GO 22 @gen 
neighborhood Uy about By, retains I) Geer O— 


perties. het ae = Ue Define the quo- 


= 


> AL? 


identifies each orbit in BY 


we Solve jancehe Gy-1° B which 


a 


at Py pega POINT. 


By Lemma 7.3, qe memODen Lane eper... and 


K,-1 is locally compact, Hausdorf, fet eat 


O-demensional. B Y. 6 (Smee ecr wong 


a-l © 


since a Pee Op oper. Gy -7 $By a YY? is compact, 


a 


henee closed. Then choose any p in 


ial ~~ Q? nd 
Ko dB 7 Wi), and let © be an open a 


closed set about q_7 (By 


—1 
a-L 


which contains B “Ve einen the 
g=l a 


~W_) which misses p. 
1 a 


Haves. Weal (Q) is an open and closed set 


aa BaHl 


mapping oe is continuous and has the desired 


Diroperutes on the Subset eee we ORAM A Ess 


domain. Define oy-1° Bt > a by 


Se eee 
$ ehh . a 
* ey (xo HG SBM 


a 





Then el is still GContinweus and retains 
Chewmdesimeds properties. SAftérmeiteratinge this 
process finitely many times, one obtains 

WS Ise ae cae which is continuous and retains 
the desired properties. 

A continuous extension 6 exists which 
retains the desired properties on. an. open 
neighborhood U about B;. Now M is compact,. 
M~U is closed (hence compact); and A is con-- 
tinuous on M~UCEM~Bri. Therefore A is bounded 
oie bet \ = supia(x): x © M-Ule, Then 
™(M~Ux[0,A]) is compact (hence closed),. and 
invariant. Then uc = tx € Ms y(xcu} 
=M~7(M-Ux(0,AJ) is an open, invariant subset of 
U -comeeining 8B), and: $ ieee onvenuous and 


retains the desired properties on U°.|| 


Montgomery has shown ([12], page 224) that a pointwise 
periodic homeomorphism of a connected manifold onto itself 
me periodic. The proof of Theorem 7 involves the construc- 
Grom Of a pointwise periodic map on a local seebion which 
meets every trajectory of the open set about B; (guaranteed 
py Lemmawjs5), Using the map 46 of Lemma 7.5 to construct the 
section. Montgemery's theorem implies that the pointwise 
WeetOuleeMeoprls PerlG@diG, and tae periedielty of tThe>secticn 
momexXLENOCa EG DETIGCICIUY OF Une Opem Imveriany sev, CC. 


Sotaim a weund for ) on the open sev and on i. 


a 





Proof of Theorem 7: Choose an open. invariant. 
Meiehborheod U @eseut Br and @ map ¢: 0 > S”,. 
such that 6 is continuous and has the proper— 
tiles described for » in Lemma 7.5 on U.. Let 
eee eee such =that wer every =< am Uy 0 <b 
<—cCl —- O(x%) < OGtmw. Form every x) tn U, A(x)<@. 
Now let x € U, and suppose that for no y in 
Vix) oly) = 1. “term ¢l yeu] Is a subser or 
an interval in S*, hence well-ordered. Cover- 
ing y(x) with a finite number of overlapping 
arcs of the form mix, | x (-c,€)], it becomes 
clear that tor alliy c€ ™Me2) andvall 

¢ € {=e,A(x) + ee} that @(y) 2 o(yt). But 0 
and 4(x) are both in (-e,A(x) + ce) and (x) 

= @[xA(x)] (#). Then every orbit in U meets 
LG). Further, cae is & section of 
Sxvenune, Since 9 vis Continuous send monotone 
on rao (1) x {-e}] ~ (0,2e) } = m7" (1) 
ee) he nus Awe aL is a toecal section 
which meets every trajectory in U. Further, 
See rh ji LS a2 OMbace SUubeDaceeor the locally 
connected 2-manifrold M, and sinee U is an 
Opeieinvariant neighborheed cf By; -it follows 
that U has a finite number of components Us > 
Gach OF Which 2S “aneoren and invariant. sub— 
Mamgirola orf Camenistonye. — Herter by conti— 


seLiegy Gin) leu mg (L)AU, (GS) tue a 


3a 





neighborhood of any p in 6 (NU, 3 hence 

nfo (1)NU, x (~€,¢6)] is a 2-manifold. By an 
areumecny LOeCnhticalh in form Co Bmav used in 
Mimeoren lvoe wshoOw that Ftevyelesiriaces are 
(n-1)-manifolds, one can show that o* (lyn, 
MomcecCOm@mec led M-Net! Old no 1nCcmnme U, are 
finite in number and each is invariant, assume 
ec) in, COMmMec ted ss ~bet is he) > R be 


defined by the conditions that f(x) > 0, 


ui a 


Girce cme) = xt ee 6 (1) andi) eG CD. 
By the argument in the proof of Lemma 7.4, 

f JSmeOmelmuous.. UNOoreover,~ theerouncare: map 

B 2 noadsx £ {e(x)) = xf(x))}) ts a2 homeomor— 
phaicmsor 67-+(1) onto itself, and since for 
each x in 6 *(1) there is an integer n such 
thatex = g(x), ge is pointwise periodic. By 
Momaeomery's theorenj) © is vperizcdic. = then for 


some k, re Cal = oe 


(1), and since f has 

ey mumper DOUNd, Femevery pOlmuereturns CO 1¢— 
self at a time less than a time T = kF. There- 
fore \ is clearly bounded above by T on oleae 
erg@metnce A 15 iInvalrlant Unrdersthne 1 low and 
every trajectory in U meets eel. Es 
poundedeabove by © on Ul But & 4s also bound= 
edwapove on | -U. scones MU Te tcomeace. and 


Meee Ont RUOUSTOMEl UG elaerefeore 2.) 1s bound= 


Cdeeabe ve Ola Me Mh Oleviicic ws aince =. ls bOwer 


Be 





Semicontinuous on M, it achieves its lower 
bound, and k > Q everywhere. Then A has a 
positive lower bound on M.. Assume } 2 1 on 

M (for if not, one may reparameterize mT so. 
that the statement becomes true). Let A be an 
Ute cound Hor Vom M.. Choose any rbat + 
Peedi me cey. Levine ai aper seer on 
PMGOuUcCh Kew onhG UsSsitie ube aArmunNemL aaeve der ime 
vine. Puneet Lon : om @ and the Poincare map Ey 
on @. Let N= [A + 1], gq = N!, and define a 
collection [U, J +24 of open neighborhoods of 


Meu suen that g,(U you, . Now for each y 


acta 
in Dee there is an r * N such that B. (y) = 
(since X} is bounded below by 1 and above by A). 


Then ae the identity on cig! Now vhere is 


3 = ae 
an are W, =,2, & 


ant under e- R@imea my aa? Wes Let t, Cy) 


*(y ro VL Me Wilt Oras. “Pi Vic ee 
q q 


Set te (y) = fey) 2 ae, t(y) = fog? Cy), 
Let F,: W, * R be defined by F(y) = ee Ck 
NeEve that Lor y in Ws ya = g,.°6, 7% Cy) 
=y, and that Be ia 2 COMmposi ten Of CcOonltan= 
Peomomounctlons., Nemes Convinmous.. for: any <2 
Ua Ghe\9 Wy let T(z) be the least. nonnegative 
Cieomealed thal 21s aa eee Let BU*:: Orb te 


oan be defined by Ee) = pee Gr al.) * Bos 


ral Mea) Tee eee ai 


an 





zP*(z) 


Tne CZ)! ain) ate Cz 


mLzT(z) ,-T(z) ] 


= ZL. os 


Then i is invariant under the flow and: con— 
Penuet@e. ie bere her 1S 1 Ore W Orb. Ws: 
Hee) = De Se Cover M Wweuh eo int te: 


number of open sets [Orb Wd and define 


aa 
shal? 
Reais Raby ix) = Be * (x). where i is the 

least integer such that x is in Woes seer He 
is continuous, and if 6:MxS’} > M is defined 


Dyers) = 1 Lx,sh(x)). then 6 =s an S* action 


whose orbits are those of (X,R,m)..|| 
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